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Limit($%fR)

Definition: Let f(x) be a function defined on an open interval containing ¢
(except possibly at c) and let L be a real number. The statement

Lillgf(x) =L

means that for each € > 0 there exists a § > 0 such that

if 0<|x—c|<é

then If(x) - Ll <e

EX: TExoMEMFAXE EEXNRE f)EFEBRL &S, NTEESE
fe>0, BfFES>0FFE 0 < |x— x| <08, BHIf(x) —LI <& WLFRA

R ET f () Zx — xo BT AYIRBR, iEﬂqxlingo fx) =L

f@ig: lim f(x) =L & Ve>0,36>0,when0 < |x—x5| <6, |f(x)—L|<e
X— X

Note 1: Arbitrarily close
Arbitrarily close to L means that for any small real

number ¢, f(x) lies in the interval (L — &L + €) or
f) —Ll<e Scit ST

Note 2: x approachesc [ ____ i

(for the arbitrarily ¢ given above), there exists a Lt

dc)or(cc+0),or0<|x—c|<§6

Note 3: How to read L o =8
The limit of f(x), as x approaches c, equals to L. €

Note 4: L is a fixed real number

positive number § such that x lies in either (c — :
I

a) 3161_1)1} (x+ 1)(x — 2) =— 2: -2 is a fixed number

b) lim &

x—1 (x—1)

: +o0o/—o are NOT fixed
number, —limit not exist

Note 5: The expression Llllg fx) =L

implies ¥

a) The limit exists
b) The limitis L 2T

Example 6: Given the limit lin% (2x —
X—

=

5) =1, find § such that |2x — 5| < 0.01 ) I
whenever 0 < |[x — 3| < 6
BAR: Kiilx —cl (c = HPAREFR =L
Solution (a) f(x) =2x—5,(b) L=1, (c) fx)=2%—5
£=0.01,(d) c =3, find 5. -2+

Want to hear your feedback:
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If(x)—Ll<e
< |(2x—5)—1| <0.01
< [2x—6| = 2|x—3] <0.01
0.01

Example 7: Use the the ¢ — § definition of limit to

prove that 1irr21 (Bx—2)=4
X—

B #HHIf(x) —LISlx — c|ZEHXER, y=4+¢pae

BII(Bx —2) — 4| 5lx — 2| 2 [AIMIR &, y=4t-
Solution (a) f(x) =3x—2,(b)L=4,(c)c=2 (d) g, y= g
find 6. :

For each € > 0, to prove that |f(x) —L| <¢ r_2+5
<|(Bx—2)—4|<e¢ /
=[3x—6|<e r-2 6

f(x)=3x-2

<3lx—2|<¢
slx—-2|<¢g/3
There existsa § = ¢/3,sothat0 < |[x — 2| < § = €/3

~ limQBx—2) =4
x—2

@ i sk Hix— c|HRIER

Example 8: Use the the £ — § definition of limit to prove that lim (2x*-1)=1
x—

Solution (a) f(x) =2x*—1,(b)L=1,(c)c=1 5
: flo)=x

(d) &, find 6.

For each € > 0, to prove that |f(x) —L| <¢ 4+ e+
e|(2x2-1)-1|<e 2 B2 L
el2a?-2|<e l
e20xt-1|<e e f
e |x?2-1]| <g/2 (- 552 Foeey i E
Slx+1lx—-1l<eg/2 4_el ' -

when x apporachs 1, |x + 1| = 2 < 3 i i 5
& & & L1
523(5):36 L\—2+6
There existsa 6 = ¢/6, when 0 < |[x — 1| < § = 2
€/6,wehave 0 < |x+ 1[|x — 1| < /2 2-90

~ lim (Zx — 1) =1

x—1
Example 8 BB L5 JE:
Ve >0,toprove |f(x) —L| =|(2x*-1)-1|<e
e|l(2xt-1)-1|<ee|2x?-2|<ee2x? -1 <e¢
ex2-1|<e/2<|x+1llx—1| <e/2=3(g/6) =36
A6 =¢/6 > 0,s.t. [x+1||lx—1| <3(e/6)=¢/2

|y — ¢

T 2_1) =

- lim (2x2-1)=1

Example 9: Quotient Function lirrll—xg2 =—3
x—>1x—

Solution (a) f(x) = x%z’ (b)L=—3,(c)c=1(d) ¢ find 6.
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For each € > 0, to prove that |f(x) —L| <¢

3 1
. xTZ_(_3)|_3|xTZ+1|<S
3 |1+(x—2)| ce o |1+(x—2)| _ Y <k
x—2 [ x—2 [x—2| ™3 ly —

1

when x apporachs 1, ——= 1< 2

- Ix— 2]
E = Z(E) =26
3 6

. -1
Thereex1stsa6=§ ,when0 < |[x—1| < 6=§,wehave0< |iTz| <§

~lim(2x2-1) =1

x—-1

Example 10: Radical function lin}\/Zx +3=+5
X—

Solution (a) f(x) = v2x+ 3, (b) L = /5, (c) c = 1 (d) &, find 6.
For each € > 0, to prove that |f(x) —L| = |v2x +3-— \/§| <e

- (V2x+3—V5) (V2x+3+V5)| <
(V2x+3+V5) |

P (2x+3)-5 | _ | 2x—2 | _ 2 | x—1 | <

Rez=rel =0 e 5

x—=1 £
< | zx3+v5) <3z
h 1 ! ! 02<1

whenx - 1, = = 0.

- V2x+3+V5  2V5
& &

5=1(§)=15

x—1 &

; — _ — X | £
Thereex1stsa6—2 ,when0 < [x—1| < 6—2 ,we have 0 < |(m+\/§) <3

lirr11v2x +3=+5
X—

kR NSEE
(1) BA% f(0, L. C,
(2) FURIf () — LIFk i |x — c|

KRR | — 1] - |x + 1lx— 1]

ETSD i )
(3) ZH¥|x — cliyFARB R | #AHLE [—5| = Ix— 1] ‘_x— 2|
LR x—1 x—1
7 K N — 1|
e T e O '|wm+\/§)|

Example 11: exponential function lirr% (10*-9) =1
xX—

Solution (a) f(x) =10 —=9,(b) L =1, (c) c=1(d) ¢, find 6.
For each € > 0, to prove that |f(x) —L| =|(10*—-9) —1| <¢

if x>1
—— 10" - 10| < ¢

10" -10< ¢
<10 <10+ ¢
Ex<lg(10+¢)
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cx—1<lg(10+¢) -1

ThereexistsO>6=lg(10 +§)—1 <lg(10+&)—1,when0< |x— 1| < §, we
havex —1<lIg(10+¢) —1

~lim (10*-=9) =1
x—1

if 0<x<1
—

[10* — 10| < ¢
<10—-10*< ¢
<10 —e<10*

slg(10—¢) <x
lg(10—e)—-1<x—-1

There exists lg(lO—s)—l<lg(10—§)—1=8,when O0<|x—1|< 6, we
have Ig(10 —¢) —1<x—1

~lim (10*-=9) =1
x—1

: : . . . 2
Example 12: trigonometric function 11r1p sinx = %
X /4_

Solution (a) f(x) = sinx, (b) L = g, (c)c= 7T/4 (d) €, find 6.
. V2
For each € > 0, to prove that |f(x) — L| = |smx —7| <e¢

T
& |Slnx - Sll’lz| <e&g

+T[ T
xX+— x——
4 . 4
& 2|cos——sin——| < ¢
2 2
+T[ T
x+— X ——
4| . 4 €
< |cos sin <=
2 | 2 2
T
X+Z
- Whenxﬁz,cos 5 <1
£ £

There exists 0 > § = arcsin% ,when 0 < |x — %| < 8, we have

+T[ 4
x4| x4|

£
cos sin <=
2 | 2 | 2
. V2
lim sinx = —
x= 17 2 L+e—t
D /
e
Legt.

Limit(%fR)

Let f(x) be a function defined on an open

interval containing c (except possibly at
L c+0
.
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c¢) and let L be a real number. The statement

lim f(x) = L

means that for each £ > 0 there exists a 6 > 0 such that

if 0<|x—c|<é
then If(x) - Ll <e¢

The Derivative of a
function(BEH KIS
1. The derivative of function f{x)
atxis given by(x mHIS%0)
@ = i [0 /)

2. Forallx for which this limit
exists, f (x) is a function of

x.(FEE)

3. Notation for derivatives

f (x),
E [f ()],

(e f(e)) /

/l Ay
R |
A (e f(c))/
Ay
A
(e, f(e))
Ax— 0
%angent line

1y1

D,[y]

Differential of a function (& £ HH)

The differential is defined by

dy = f (x)dx
The notion dy/dx is read as the derivative of y with respect to x or dy,dx

Antiderivatives and Indefinite

Integration(R S M A EFRD)

A function F(x) is an antiderivative(x §#{) of f(x) on interval I if

F(x) =f(x)

forall xin L

The operation of finding all solutions of the differential equation

T=fC)  or  dy=f(dx

is called antidifferentiation or indefinite integration(Af<EfR4). It is
denoted by an integral sign |

= jf(x)dx =Fx)+C

The expression [ f(x)dx is read as the antiderivative of f{(x) respect to x.

Definite Integratlon(EilE 043)
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Sigma Notation: The sum of n terms y _
- y =f(x)
a,,a;,as,...a, 1s written as A
n
ZiZI a=a+a,+az+..+a, flx)
If f(x) is defined on the closed interval
[a,b] and the limit of Z

n b
lim Y fGax = [ foodx
i=1 a

is called the definite integral of f{x) / -
from a to b. [ la —s{xie— b

Infinite Series(FC 352 %))

If {a,,} is an infinite sequence a4,a,,as,...a,..., then

Z an=a1+a2+a3+...+an+...
i=1

is an infinite series (or simply a series).
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Exercise 1: Given the limit lim (i) =1, find § such that |L| < 0.01
x—2 1 x—1

whenever 0 < [x — 2| < 6

Solution 20 il

(@) f(x) = 1.00 |- +

(b)L = L5 099 -i=+
1.0+ 201 2 199

(c0e= 0 01 99

d)c= ~T

E. )d : | | | —

nd o. 1 2 3 4

Exercise 2: Find the limit L. Then find § > 0 such that |f(x) —L| < 0.01

whenever 0 < |[x —c| < §
(@) lim(4-3)
Solution (a) f(x) = (b)L = (cJc= (d)e findé.
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(b)  lim (x? +4)
x—5

Solution (a) f(x) = b)L= ()c= (d)e findé.

Exercise 3: Find the limit L, then use the € — & definition to prove that the
limit is L.

(@) lim3x
Solution (a) f(x) = (b) L = (cJ)c= (d)e findé.
For each € > 0, to prove that |f(x) — L| = <e
=
=
&
(b) limVx-2

x—4
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(c) limx*-1

x—=2

(d) lim (5



